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Abstract Advances in material science and mathematics in conjunction with tech-
nological needs have triggered the use of material and electric components with
fractional order physical properties. This paper considers the mathematical model
of a piezoelectric wind ﬂow energy harvester system for which the capacitance of
the piezoelectric material has fractional order current-voltage characteristics. Ad-
ditionally the mechanical element is assumed to have fractional order damping.
The analysis is focused on the effects of order of derivatives on the appearance
and characteristics of limit circle oscillations (LCO). It is obtained that, the order
of derivatives to enhance the amplitude of LCO and lower the threshold condition
leading to LCO. The domains of efﬁciency of the system are illustrated in various
parameters spaces.
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Scientiﬁc research in the area of energy harvester system (EHS) is mainly focused on enhanc-
ing the efﬁciency of the system by developing advanced material and/or considering nonlinear
effects to reach widening the frequency bandwidth of the systems.1–6 Recent advances in material
science and nonlinear analysis showed that, material with fractional order properties have deep
impacts on systems performance; this includes improving their performance (reduce or enhance
mechanical vibration).7–15 Consequently, potential applications for energy harvesters can be de-
veloped. In a recent contribution, we considered material with fractional order deﬂection and
material with fractional order derivative5 and estimated the best order of deﬂection and deriva-
tive for efﬁcient harvesting. In another contribution, we discussed the effects of fractional order
damping on the nonlinear response of a Dufﬁng oscillator showing memory effects.16
The main goal of this letter is to discuss the performance of a wind ﬂow energy harvesting
system by focusing on the effects of order of fractional derivatives on the existence and amplitude
of limit cycle oscillations (LCO). Limit cycle oscillations were reported by Erturk et al.17 while
analyzing a harvester response under uniform airﬂow. The cut-in wind speed (leading to LCO)
was observed experimentally by Kwon18 for a T-shaped piezoelectric cantilevered beam under
axial ﬂuid ﬂow. We discussed the performance of an harvester made of ﬂexible beam with piezo-
a)Corresponding author. Email: g.litak@pollnb.pl.
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electric patches;19 we showed that, stochastic resonance helps to overcome the potential barrier
for a system made of ﬂexible beam with axial load.19 Barrero-Gil et al.20 considered a theoretical
model of transverse galloping and determined the relation between the mass and geometric and
physical properties of the system and the ﬂow velocity for energy efciency. They concluded that
an optimal device should have higher value of the linear coefﬁcient and a low absolute value of the
cubic coefﬁcient. Abdelkeﬁ et al.21 considered galloping with low and high Reynolds numbers.
They concluded that the electrical load impedance and the Reynolds number are key parameters
in determining the onset of galloping and the harvested power. Evidently, the harvested energy at
high Reynolds numbers is much larger than that at low Reynolds numbers.
Continuing the above discussion we focused on wing ﬂow and we examine the speciﬁc out-
come of integrating into the system components whose characteristics has fractional derivative.
Two speciﬁc modiﬁcations are considered. (1) The capacitance of the piezoelectric patches are
supposed to be of the fractional order.7,8,22 (2) The mechanical part of the system has fractional
order damping.16 The generic physical set up of the system is shown in Fig. 1, where Y is the
defection of the magnetoelastic beam of length , V is the voltage across the load resistor R, F(t)
is the perturbation due to wind ﬂow, and Cp is the capacitance of the fractance capacitor whose
current voltage characteristic is given by i=Cp dκV/dτκ ,7,8,10,22 where i is the harvested current,
τ is the time, and κ is the order of the derivative (κ = 1 for an ideal piezomaterial). Experiments
on PZT show that the polarization falls under compressive stress and this phenomenon generally
induces a degradation of the dielectric and piezoelectric properties due to ferroelectric-ferroelastic
domain rearrangement.23
In the present case the fractional derivative is coming from multiple relaxation spectra of
electrical dipoles dynamics. Variable stress load in time and also along the piezoelectric patches,
layered structure, properties of the electrodes, and local temperature gradients lead to the hys-
teretic losses.
We suppose in these analysis that, the fractional derivative is deﬁned according to Caputo
deﬁnition as8 dκV/dτκ =DκV (τ) =
∫ τ
0 (τ − s)−κΓ−1(1−κ)V (s)ds. Γ() is the Gamma function
and n−1< κ < n, n ∈ {1,2} for all fractional order derivatives in this paper.
The mathematical model is simply given by
m
(
Y ′′+2ζY ′+ω2nY
)
= θV +Va+F(τ), (1)
CpDκV +V/R=−θY ′, (2)
where the prime denotes the derivation with respect to time, m is the mass of the mechanical
element, ζ is the mechanical damping ratio, ωn is the natural frequency, θ is the electrome-
chanical coupling coefﬁcient, Y is a tip point horizontal displacement, τ is time,  is the struc-
ture length, Cp is the capacitance of the piezoelement, R is the load resistance, V is the har-
vested electric voltage, and F(τ) is the aerodynamic force, whose expression is given as19–21,24
F(τ) = ρU2D0
[
a1Y ′/U+a3(Y ′/U)3
]
/2 with ρ being the ﬂuid density,U , the wind velocity, D0 is
the characteristic dimension of the body normal to the incoming ﬂow and a1 and a3 are ﬁtting co-
efﬁcients whose value depends on the angle of attack of the ﬂuid and the Reynolds number.20,21,24
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In Eq. (1), Va is given as
Va = K0(dκY/dtκ)(H+1)/2, (3)
where H=1 for a system with fractional order damping, and H=−1 for in the absence of frac-
tional order damping. The constant K0 corresponds to damping coefﬁcient. Such damping can be
obtained using a PDκ controller. In this case, K0 is the (positive or negative) derivation gain.
To simplify Eqs. (1) and (2) we introduced the renormalized coordinates y = Y/l and af-
ter simple algebra we got the following expressions y¨− λ y˙(1−σ y˙2)+ ω20y = η1v+ η2Dαy,
Dκv+μv= η0y˙. Note that dot denotes the derivative with respect to dimensionless time t and the
new variables and coefﬁcients are deﬁned as V =V0v, τ = tT , η2 = (H+1)K0T 2−α/(m), η1 =
θV0T 2/(m), ω0 =wnT , λ = ρUD0a1T/(2m)−2ζT , μ =T κ/(RCp), σ = ρ|a3|D02/(2TmλU),
η0 = T κ−1θ/(V0Cp), where V0 and T denote the characteristic voltage and time for the system.
Assuming existence of LCO, the Krylov–Bogoliubov method of averaging25 can be used to
derive the amplitude equation of the system. To this end, the modeling equations are rewritten as
y¨+ω20y= εG(y, y˙,v), (4)
Dκv+μv= η0y˙ (5)
with ε being a small parameter and G(y, y˙,v) =
[
η1v+Dαv+ y˙
(
1−σ y˙2)].
The unperturbed solution (ε = 0) of Eq. (4) is obtained as y = Acos(ω0t−φ1), where A and
φ1 are not constant, but slow varying function of time. Thus, one can ﬁnd the solution of Eq. (5)
in the form v= Bcos(ω0t−φ2). Applying the considerations in Ref. 25 one obtains the following
ﬁrst order differential equation
ω0
dA
dt
=− 1
2π
∫ 2π
0
G(y, y˙,v)sinψ1 dψ1, (6)
ω0A
dφ1
dt
=− 1
2π
∫ 2π
0
G(y, y˙,v)cosψ1 dψ1, (7)
and
B2 = η20A2/[(ωκ−10 sin(κπ/2))
2+(μ/ω0+ωκ−10 cos(κπ/2))
2] (8)
with G(y, y˙,v) = A(η1r1+η2r3)cosψ1+A[−(λω0/2)(1−3A2ω20/4)+η1r2+η2r4]sinψ1, where
r1=−η0ωκ0 sin(κπ/2)/Δ , r2=−η0(μ +ωκ0 cos(κπ/2))/Δ , r3=−(η0ωα+κ0 /Δ)sin((α+κ)π/2)−
(η0γωα0 /Δ)sin(απ/2), r4 = −(η0ωα+κ0 /Δ)cos((α + κ)π/2)− (η0γωα0 /Δ)cos(απ/2), and
Δ =
√
(ωκ−10 sin(κπ/2))2+(μ/ω0+ω
κ−1
0 cos(κπ/2))2.
Equation (8) shows that, the amplitude of the output voltage is obtained by ampliﬁcation of
the amplitude of the mechanical vibration. The ampliﬁcation gain nonlinearly depends of the
order of derivative and the identical gain.
In obtaining these equations, the following transformation was used
Dκt [Bcos(ω0t−φ2)] = Dκt [a1 cos(ω0t)+a2 sin(ω0t)] . (9)
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with a1 = Bcosφ2 and a2 = Bsinφ2.
After integration, Eq. (9) becomes Dκt [Acosψ2] = ωκ0 (a2I1+a1I2)cos(ω0t)+ωκ0 (a2I2−a1I1) ·
sin(ω0t) with I1 and I2 deﬁned as I1 =
∫ t
0 r
−κΓ−1(1−κ)cosrdr, I2 =
∫ t
0 r
−κΓ−1(1−κ)sinrdr,
which can be approximate (steady response: t → ∞) as12–15 I1 = sin(κπ/2) and I2 = cos(κπ/2).
The approximation leads to Dκt [Bcosψ2] = Bωκ0 cos(κπ/2+ψ2).
The stationary solution of Eqs. (6) and (7) give the algebraic equation for the amplitude A:
A= 0 or A2 = [4/(3ω20 )] (1−F0(α ,κ)) with stability condition (obtained by analyzing the Jaco-
bian matrix of Eqs. (6) and (7)) 9ω20A2/4> 1−F0(α ,κ) and
F0(α ,κ) = 2(η1r2+η2r4)/(σλω0). (10)
The performance of the system can be summarized in the following theorem:
Theorem: The energy harvesting system in Fig. 1 obeys the following dynamics. (1) For
F0(α ,κ) > 1 the system displays a quenching phenomena. Only the trivial solution exists and is
stable A = 0. (2) For 0 < F0(α ,κ) < 1 the fractional order contributes to reduce the amplitude
of vibration of the system. (3) For F0(α,κ) < 0 the fractional order contributes to enhance the
amplitude of vibration of the system.
The lower bound of the ﬁrst interval corresponds at F0 = 1 to a Hopf bifurcation. It thus comes
that, in addition to the parameters λ and σ (function of the Reynolds number and ﬂow velocity)
the fractional orders and the gains can be used to switch the on-set for Hopf bifurcation, that is,
the onset for LCO. Beyond this critical point, there is no energy harvesting by the system.
The second and third intervals, correspond to galloping phenomena. However, as F0 increases
(due to the order of derivative) from 0 to 1, the amplitude of vibration of the beam decreases. For
F0 < 0, this amplitude increases. In both cases, the amplitude of the output voltage is obtained by
ampliﬁed or reducing the amplitude of mechanical vibration by a gain factor 1/Δ (see Eq. (8)).
Thus, the best values of the order of derivative and the identical gain parameter correspond to
F0 < 0 and Δ < 1. (11)
Note that obtaining the explicit solutions the inequalities Eq. (11) is impossible in general. Thus,
in order to illustrate these observations, we use graphic analysis. Throughout the paper, the fol-
lowing values are used, unless otherwise speciﬁed: σ = 1, μ = 0.1, λ = 0.1, ω0 = 2, η0 =−0.25,
η1 = 1, η2 = 1.
Fractional order system without fractional order damping In the absence of fractional
derivative (H =−1 in Eq. (3)) η2 = 0, Eq. (10) is simpliﬁed to
F0(α ,κ) = 2η1r2/(λω0) and r2 =−η0 (μ +ωκ0 cos(κπ/2))/Δ (12)
with Δ unchanged.
Figure 2 shows in the space (κ,μ) three domains marked by the colors green, white, and black,
respectively for F0 < 0, F0 > 1, and 0 < F0 < 1. Two values of λ = 0.1 (Fig. 2(a)) and λ = 1
(Fig. 2(b)) are used. Large values of λ correspond to small mass ratio or large velocity.21 The
graphs are obtained by scanning μ and κ respectively in [0,3] and [0,2]. Figure 2(a) shows that,
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Fig. 1. Generic model of energy
harvester excited by wind ﬂow.
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Fig. 2. (Color online) Domain of F0 in the space (κ,μ). Green F0 < 0,
white F0 > 1, and black 0< F0 < 1.
for λ = 0.1, there is no vibration for small order of the fractional derivative. That is, the piezo-
electric material contributes to quench the vibration although the electric load μ varies. There is
a bifurcation at κ = 1 where the system starts to vibrated with reduce amplitude (black domain)
followed by a region of optimal performance where the highest amplitudes of the LCO are ob-
tained (green region in the graph). Figure 2(b) shows that, this efﬁcient region is not sensitive
to λ (see Eq. (12), and increasing λ results in a suppression of the quenching phenomena. This
results is well known as, increasing the ﬂuid velocity contributes to create LCO through Hopf
bifurcation.21,24,26
System with fractional order damping and integer order piezoelectric patches We sup-
pose here, κ = 1 and (n−1)< α < n. The parameters r2 and r4 in Eq. (10) are simpliﬁed to
r2 =−η0μ/Δ , Δ =
√
1+(μ/ω0)2, (13)
r4 =−(η0ωα+10 /Δ)cos((α +1)π/2)− (η0γωα0 /Δ)cos(απ/2) . (14)
This conﬁguration corresponds to classic piezoelectric material (with integer order of derivative)
and an additional identical loop (H = 1 in Eq. (3)). Figure 3(a) shows that, high amplitude LCO
is obtained by increasing the order of derivative α . Speciﬁcally, for small values of α , the system
is efﬁcient only for low electric impedance μ . As shown in Fig. 3(b), increasing λ contributes
to suppress the quenching phenomena, as obtained in Fig. 2(b). Interestingly, switching from
positive to negative feedback can be dramatic for the system (see Figs. 3(c) and 3(d)). In fact,
as it can be deduced from Eqs. (13) and (14), a negative feedback contribute to decrease the
value F0(α ,κ). This behavior is even more pronounced for small values of λ . The harvester
is efﬁcient with positive feedback only when its fractional order α satisfying 0 < α < 1. For
negative feedback, the efﬁciency is obtained for 1< α < 2.
Fractional order system with fractional order damping The system is supposed to have
fractance in both feedback loop and piezoelectric patches. Figures 4 shows, in the (α,κ) space,
that for positive feedback (Figs. 4(a) and 4(b)) the efﬁcient domain is obtained either for large val-
ues of α and small values of κ , or large value of κ and small values of α . Increasing λ contributes
to enlarge the domain of inefﬁcient LCO (black domain). For negative feedback (Figs. 4(c) and
4(d)), efﬁciency is obtained either for small values of α and κ or, for large values of α and κ .
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Fig. 3. (Color online) (a)–(d) Domain of F0 in the space (α ,μ). (e) Efﬁciency domain in the space (α ,η2).
Green F0 < 0, white F0 > 1, and black 0< F0 < 1.
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Fig. 4. (Color online) Domain of F0 in the space (κ ,α). Green F0 < 0, white F0 > 1, and black 0< F0 < 1.
In conclusion, our results indicate a potential paradox of application fractional derivative on
the performance of a wind ﬂow energy harvester system.5 Here not only, the capacitor of the
piezoelectric material was considered to be of a fractional order but also the additional feedback
loop was added to the system. The core results showed that, for an appropriate choice of the
system derivative orders, the performance of the system can be signiﬁcantly enhanced. Speciﬁ-
cally, the lower bound for LCO with integer order derivative can be reduced by fractional material
properties or/and electric components.
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